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1. Introduction
In 1963, Shapiro did an experiment for the microwave irradiation effect on the I-V
characteristics of a Josephson junction Al/Al2O3/Sn and showed that when the microwave
is impressed to the Josephson junction, clear current steps are observed on the quasiparticle
(QP) branches of the I-V characteristics and those steps, which are now called "Shapiro steps",
are observed on constant voltages given by nΦ0 fr (n = ±1,±2, ...) [1]. Here the Φ0 is a
flux quantum (= 2.06785 × 10−15 Wb) defined by h/2e using Planck constant h and the
fr is the frequency of the impressed microwave. The interactions between the Josephson
junction and the electromagnetic field are important and intersting problems on not only
the fundamental but also the applicational points of view. The Shapiro steps are one of
the important phenomena observed on a superconductor-insulator-superconductor (SIS)-type
Josephson junction.
It is well known that the high-Tc superconductors such as Bi2Sr2CaCu2O8+δ (BSCCO) and
(PbyBi1−y)2Sr2CaCu2O8+δ (PBSCCO) consist of a stack of atomic-scale Josephson junctions
called intrinsic Josephson junctions (IJJs) and these IJJs are SIS-type Josephson junctions. [2–
8] The stacking structure of IJJs along the crystallographic c-axis can be made naturally, so
that these natural super-lattices can be regarded as a stack of good quality Josephson devices
made under the atomic-scale. This is just a reason why the studies of the current flow along
the c-axis have been done extensively for the high-Tc superconductors. It has been already
established that the high-Tc superconductors such as BSCCO and PBSCCO are characterized
by the dx2−y2 -symmetry superconducting gap rather than the s-one. [9–11] There are some
excellent works for Shapiro steps on BSCCO single crystals. [12–18]
When a large SIS Josephson junction is embedded in the magnetic field applied parallel to
the junction surface, the fluxon dynamics in the SIS Josephson junction can be understood by
solving a following nonlinear partial differential equation. [19]
∂2ϕ
∂x2
−
1
c¯2
∂2ϕ
∂t2
−
β
c¯2
∂ϕ
∂t
=
1
λ2J
sin ϕ , (1)
where c¯ is Swihart velocity, λJ is Josephson penetration depth and ϕ is the phase difference of
a SIS Josephson junction as a function of spacial variable x and real time t. As already stated,
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BSCCO consists of a stack of SIS-type IJJs, so it is expected that the BSCCO should be regarded
as a good sample to study the fluxon dynamics in the SIS Josephson junctions. Actually, there
are many excellent works for the effect of magnetic field on the BSCCO IJJs. [20–34] It is sure
that a pioneering work done by Sakai, Bodin and Pedersen(SBP) [20] is the starting point to
understand the fluxon dynamics in BSCCO IJJs with a stacking structure.
We adopt here a unified theory proposed by Machida and Sakai (MS) [29], which includes both
the electric and magnetic field couplings between neighboring IJJs in multistacked structure.
The MS-unified theory is a further extension of the model proposed by Sakai, Bodin and
Pedersen (SBP). [20] Present paper is mainly based on my previous jobs. [35, 36]
2. Theory
Let us consider a stacked system consisting of N-identical SIS-Josephson junctions such as IJJs
in BSCCO high-Tc superconductors, and set spacial coodinates x, y and z parallel to a, b and c
axes of a BSCCO single crystal. If the external magnetic induction Bext is selected parallel to
y-axis, i.e., Bext = (0, Bext, 0), and the spacial variation of the gauge-invariant phase difference
ϕℓ for the ℓ-th SIS Josephson junction is assumed as a function of only x, then the ϕℓ(x, t) as a
function of x and real time t satisfies a following coupled sine-Gordon(CSG) equation with a
matrix form. [29]
Σcλ
2
J
∂2
∂x2
⎛
⎜⎜⎜⎜⎝
ϕ1(x, t)
·
ϕℓ(x, t)
·
ϕN(x, t)
⎞
⎟⎟⎟⎟⎠ = ΣL
⎛
⎜⎜⎜⎜⎝
J1(x, t)
·
Jℓ(x, t)
·
JN(x, t)
⎞
⎟⎟⎟⎟⎠ , (2)
where λJ is the Josephson penetration depth given by
√
Φ0/2piµ0d′L Jc using a flux quantum
Φ0, the vacuum permeability µ0 and the critical current density Jc. The Σc and ΣL are matrices
describing the electric and magnetic interactions between neighboring Josephson junctions
and are written as
Σc(L) =
⎛
⎜⎜⎜⎜⎜⎝
1 Σc(L) 0 · ·
Σc(L) 1 Σc(L) 0 ·
· Σc(L) 1 Σc(L) ·
· · · · ·
· · 0 Σc(L) 1
⎞
⎟⎟⎟⎟⎟⎠ , (3)
where the coupling constants Σc and ΣL are given by [29]
Σc(L) = −
λe(L)
d′
c(L)
sinh(w/λe(L))
. (4)
The d′c and d′L are the effective electric and magnetic thickness given by [29]
d′c(L) = d + 2λe(L) coth(w/λe(L)) , (5)
using electrode thickness w and barrier thickness d. The λe and λL are the Debye screening
length and the London penetration depth, respectively. The Jℓ(x, t) in Eq.(2) is the current
defined by j(ℓ)J (x, t) − jext(t). The j
(ℓ)
J (x, t) and jext(t) are junction and external currents
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normalized to the critical current Ic(= JcS), therefore, the current Jℓ(x, t) can be written in SI
units as
Jℓ(x, t) =
(
Φ0
2pi
)
C∗u
Jc
∂2ϕℓ(x, t)
∂t2
+
(
Φ0
2pi
)
G∗u
Jc
∂ϕℓ(x, t)
∂t
+
N
∑
ℓ′=1
{Σc}ℓ,ℓ′ i
(ℓ′)
CP (x, t)− jext(t) , (6)
where C∗u and G∗u are the effective unit area capacitance εε0/d′c and conductivity σ/d′c per
a junction, respectively. The current i(ℓ)CP(x, t) is the normalized Cooper-pair (CP) tunneling
current of the ℓ-th SIS Josephson junction whose general form has been already presented in
my previous paper. [35] Note that the simplest form of i(ℓ)CP(x, t) is sin ϕℓ(x, t). The external
current jext(t) is the same as the normalized external current iext(t) presented in my previous
paper, that is,
jext(t) = i0 + ir sinωrt + inoise(t, T) ≡ jext(t, T) , (7)
where i0 is the normalized external dc, ir sinωrt is the normalized external ac modulation
current with the frequency ωr and inoise(t, T) is the normalized current due to thermal noise at
a sample temperature T. As a noise, we consider here a "white noise" so that the Inoise(t, T) =
inoise(t, T)Ic(T) satisfies following relations:
< Inoise(t, T) >t= 0
< Inoise(t, T)Inoise(t + t′, T) >t=
2kBT
RJ
δ(t′)
}
, (8)
where < A(t) >t means the time average of a time dependent function A(t). The RJ is the
resistance of a junction and is given as a function of I0 = i0 Ic(T);
1
RJ
=
1
R
(e f f )
QP (I0)
+
1
Rshunt
≡
1
RJ(I0)
, (9)
where Rshunt is a shunt resistance added externally per a junction, and R
(e f f )
QP (I0) is an effective
resistance of a junction due to QP tunneling.
The white noises are made numerically by using random numbers. We write here the random
numbers as i(Cal)Random(t), which have been made by the normal random number generator in
the library program. The normalized white noise inoise(t, T) defined by Inoise(t, T)/Ic(T) must
be proportional to i(Cal)Random(t), that is,
inoise(t, T) = η(T)i
(Cal)
Random(t) . (10)
The autocorrelation < inoise(t, T)inoise(t + t′, T) >t is equal to η(T)2 < i
(Cal)
Random(t)i
(Cal)
Random(t +
t′) >t. Therefore, by using relation (8) and doing an integral over the t′, we get
2kBT
Ic(T)2RJ
= η(T)2
∫ ∞
−∞
< i
(Cal)
Random(t)i
(Cal)
Random(t + t
′) >t dt
′ . (11)
Here we define an absolute time resolution ∆t. By doing some numerical calculations for the
kernel defined by Eqs.(27) and (28), I found that the time resolution ∆t with the value of 1×
10−14s(=10fs) is small enough to resolve the structure of the kernel. [35] The autocorrelation<
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i
(Cal)
Random(t)i
(Cal)
Random(t + t
′) >t is also proportional to the delta function δ(t′), so that the integral
in Eq.(11) can be well evaluated as < i(Cal)Random(t)
2 >t ∆t. Therefore, the η(T) is given by
η(T) =
√√√√ 2kBT
< i
(Cal)
Random(t)
2 >t ∆t Ic(T)2RJ
, (12)
so that from Eq.(10) we can get the normalized white noise inoise(t, T) at a finite temperature
T as full numerical data with a function of time t defined by n∆t. All the experiments always
include the effect of thermal noise. Therefore, all the calculations presented in the present
paper also include the effect of the thermal noise, except for the special case that I notice. In
the present study, the sample temperature T has been set to 4.2K.
By using the dimensionless time τ defined by ωrt/2pi(= frt) and the normalized distance ν
defined by x/λJ , equation (2) can be rewritten as⎛
⎜⎜⎜⎜⎝
Q1(ν, τ)
·
Qℓ(ν, τ)
·
QN(ν, τ)
⎞
⎟⎟⎟⎟⎠ =
(
2pi
f ∗p
fr
)2
ΣL
−1
Σc
∂2
∂ν2
⎛
⎜⎜⎜⎜⎝
ϕ1(ν, τ)
·
ϕℓ(ν, τ)
·
ϕN(ν, τ)
⎞
⎟⎟⎟⎟⎠ , (13)
where f ∗p is the effective plasma frequency of a junction calculated as
√
Jcd′c/2piΦ0εε0. In
the MS-unified theory, the effect of the magnetic field is taken into account via the boundary
condition at the junction edge. Therefore, we solve Eq.(13) under the boundary condition such
that
∂ϕℓ(ν, τ)
∂ν
∣∣∣∣
edge
=
B
(ℓ)
e f f
µ0 JcλJ
(1 + 2ΣL) , (14)
where B(ℓ)e f f is an effective magnetic induction at the edge of the ℓ-th IJJ. By solving Eq.(13)
full numerically, we can get the gauge-invariant phase differences ϕℓ(ν, τ) of all the junctions
ℓ = 1, 2, ··, N as a function of ν and τ. In the present paper, not only the case such as SIS-IJJs
but also the case in which some insulating(I) layers in IJJs are replaced by ferromagnetic(F)
layers is considered. The F-layer makes a magnetization M, therefore, if the ℓ-th I-layer is
replaced by the F-layer with M = M(ℓ), then the B(ℓ)e f f in Eq.(14) is given in SI-units as
B
(ℓ)
e f f = Bext + M
(ℓ) . (15)
For the SFS-junctions, there are many excellent works. [37–44] Especially, two review papers
by Golubov et al. [39] and Buzdin [40] include many valuable information. Recently, the
phase dynamics induced by spin waves in a SFS Josephson junction consisting of s-wave
superconductors have been numerically studied within the framework of the resistively
shunted junction (RSJ) model. [44] The calculations by Hikino et al. [44] have told us that the
magnetization of F-layer plays an essential role to understand the nature of phase dynamics.
In the SFS-junction, it is well known that the amplitude of the CP-tunneling critical current
oscillatory varies as a function of the thickness dF of the F-layer [40], which is called as "0-pi
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transition". The first crossover thickness d(1)F , in which the nature of junction changes from the
0 to the pi state, is about 50Å for the SFS-junction using an NiCu-system ferromagnetic metal.
[40, 43] As can be seen later, the barrier thickness d of BSCCO IJJs is 12Å. In the present paper,
therefore, two cases are considered; one is the case in which the correction for the amplitude
of the CP tunneling current is considered and other is not.
The Qℓ(ν, τ) in Eq.(13) is
Qℓ(ν, τ) =
∂2ϕℓ(ν, τ)
∂τ2
+ 2pi
f ∗p
fr
1√
β∗c (i0, Jc, SRshunt)
∂ϕℓ(ν, τ)
∂τ
+
(
2pi
f ∗p
fr
)2{ N
∑
ℓ′=1
{Σc}ℓ,ℓ′ χℓ′ (dF)i
(ℓ′)
CP (ν, τ)− iext(τ)
}
. (16)
Here note that we generally consider the case including the F-layer, so that the correction term
χℓ(dF) which has not been written in Eq.(6) has been added into Eq.(16). The χ(dF) is defined
by I(F)c (dF)/I
(NM)
c using the critical currents I
(F)
c (dF) and I
(NM)
c of the SFS and SIS Josephson
junctions, and the value of χℓ(dF) oscillatory varies as a function of dF bewteen 0 to 1 when the
ℓ-th junction includes F-layer. Here it is clear that χℓ(dF) = 1 when the ℓ-th junction includes
no F-layer. For example, χ(dF) can be written as [40]
χ(y) = 4y
∣∣∣∣ cos 2y sinh 2y + sin 2y cosh 2ycosh 4y− cos 4y
∣∣∣∣ , (17)
where y ≡ dF/ξF and ξF is the characteristic length of the superconducting correlation decay
with oscillations in the F layer. [40] The χ(y) as a function of 2y is drawn in Fig.11 in the
review paper by Buzdin. [40]
By using the McCumber parameter βc(i0, Jc, SRshunt), [35] the β∗c (i0, Jc, SRshunt) in Eq.(16) can
be written as
1√
β∗c (i0, Jc, SRshunt)
=
Φ0 f
∗
p
JcSRshunt
+
Φ0 f
∗
p
IcR
(e f f )
QP (I0)
= γp
{
Φ0 fp
JcSRshunt
+ µ(i0)
}
=
γp√
βc(i0, Jc, SRshunt)
, (18)
where
γp ≡
f ∗p
fp
=
√
d′c
d
. (19)
It should be noted here that the µ(i0) in Eq.(18) is a universal curve as a function of only
the normalized external dc i0 so that this curve is always valid for all the IJJs in BSCCO
characterized by the dx2−y2 symmetry superconducting gap. [35] Namely, if the no shunt
case, i.e., the case of Rshunt → ∞, is considered, then the McCumber parameter of BSCCO is
given as a function of only the i0 such as µ−2(i0). [35] Here I wish to say that when the effect
of electric field coupling is not considered, the plasma frequencies ratio γp is equal to 1 and
161hapiro Steps i  BSCCO Intrinsic Josephson Junctions
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the matrix Σc is equal to the unit matrix 1, therefore, the Qℓ(ν, τ) for this case is just equal to
the left-hand side of Eq.(31) in my recent paper. [35] We will see later that γp ≃ 1 and Σc ≃ 1
even if the effect of the electric field coupling is considered for BSCCO IJJs.
Kautz and Monaco extensively studied the nature of Shapiro steps on the SIS Josephson
junction [45]. As a result, they found that there is a chaotic region in which Shapiro steps
cannot be observed. The chaotic region is found between fRC and fp, i.e., fRC ≤ fr ≤ fp. In
my previous paper, [35] I have already pointed out that the lower frequency fRC of the chaotic
region is given by
fRC = f
(NS)
RC (i0) + f
(Shunt)
RC (SRshunt)
f
(Shunt)
RC (SRshunt) =
1
2piRshuntC
}
. (20)
Moreover, I have mentioned that the frequency f (NS)RC (i0) for the case of no-shunt (NS)
resistance is given by using a universal curve µ(i0) as
f
(NS)
RC (i0) = fpµ(i0) . (21)
Above two equations (20) and (21) tell us that the SRshunt-product is an important parameter
to understand the nature of Shapiro step observed on the BSCCO IJJ.
If the case such that Bext = 0 and there are no F-layers in IJJs is considered, then the
∂ϕℓ(ν, τ)/∂ν is zero for all junctions. Therefore, the equation (13) for the present case is
equivalent to the equation Qℓ(ν, τ) = 0. Equation (16) tells us that the equation Qℓ(ν, τ) = 0
reflects only the electric interaction between neighboring Josephson junctions. It is clear that if
Σc = 1 and χℓ(dF) = 1 for all ℓ, then the equation Qℓ(ν, τ) = 0 is just equal to equation(31) in
my recent paper. [35] In order to see the effects originated from both the electric and magnetic
interactions, we must solve Eq.(13) with a finite value of Bext, so that the Eq.(13) becomes a
matrix form including not only Σc but also ΣL describing the magnetic interaction between
neighboring Josephson junctions.
The dc voltage < Vℓ > observed on the ℓ-th IJJ satisfies
εε0
Lx Ly
d
< Vℓ >=
∫
dQ =
∫ Lx
0
εε0
Ly
d
< Vℓ(x, t) >t dx , (22)
where Lx and Ly are junction lengths along the x and y axes, i.e., S = Lx Ly, and < Vℓ(x, t) >t
means the time average of Vℓ(x, t) which is a voltage of the ℓ-th IJJ as a function of x and t.
Therefore, the dc voltage < Vℓ > for the ℓ-th IJJ is simply given by
< Vℓ >=
1
Lx
∫ Lx
0
< Vℓ(x, t) >t dx , (23)
so that the total dc voltage < V >total observed experimentally is given by
< V >total=
N
∑
ℓ=1
< Vℓ >≡ N < V >reduce , (24)
where < V >reduce is the reduced voltage when < V >total is assumed as a simple sum of
N-junctions system. The < Vℓ(x, t) >t is the same as Eq.(33) in my previous paper [35], that
162 Superconductors – Properties, Technology, and Applications
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is,
< Vℓ(x, t) >t=
Φ0 fr
2pi
ϕℓ(x, τ2)− ϕℓ(x, τ1)
τ2 − τ1
. (25)
Here, we must remember that τ1 and τ2 must be intergers in order to get a very well converged
value for an averaging between τ1 and τ2. [35]
The general form of i(ℓ)CP(ν, τ) is given by [35]
i
(ℓ)
CP(ν, τ) =
∫ τ
−∞
K
(ℓ)
CP(τ − τ
′) sin
ϕℓ(ν, τ′) + ϕℓ(ν, τ)
2
dτ′ , (26)
where the kernel K(ℓ)CP(τ − τ
′) can be written as
K
(ℓ)
CP(τ − τ
′) =
2pi
h¯ωr
κ
(ℓ)
CP(τ − τ
′) , (27)
κ
(ℓ)
CP(τ − τ
′) =
∑
BZ1
k ∑
BZ1
k′
∣∣∣H′(ℓ)
k,k′
∣∣∣2 |∆k ∆k′ |E
k
E
k′
⎡
⎢⎣ { f (Ek)− f (Ek′ )} sin
{
Ek−Ek′
h¯ωr
2pi(τ − τ′)
}
+ {1− f (Ek)− f (Ek′ )} sin
{
Ek+Ek′
h¯ωr
2pi(τ − τ′)
}
⎤
⎥⎦
∑
BZ1
k ∑
BZ1
k′
∣∣∣H′(ℓ)
k,k′
∣∣∣2 |∆k ∆k′ |E
k
E
k′
[
f (E
k
)− f (E
k′
)
E
k
−E
k′
+
1− f (E
k
)− f (E
k′
)
E
k
+E
k′
]
, (28)
where BZ1 means the 1st Brillouin zone, f (E) is the Fermi-Dirac distribution function and
H
′(ℓ)
k,k′ is the matrix element due to the k → k
′ tunneling in the ℓ-th IJJ. Here it should be noted
that the H′(ℓ)
k,k′ for the coherent tunneling is proportional to δk,k′ and that for the incoherent
one is given by a constant irrespective of k and k′. In the practical calculations of κ(ℓ)CP(τ −
τ′) defined by Eq.(28), therefore, H′(ℓ)
k,k′ is set to δk,k′ for the coherent tunneling and to 1 for
the incoherent one. The quasiparticle excitation energy Ek is given by
√
ξ2
k
+ ∆2
k
. The ∆k
is the superconducting energy gap and it is well known that the ∆k of d-wave symmetry
superconductor is represented as ∆(T) cos 2φk, where φk is the angle of k-vector measured
from x-axis. [10] The ξk is the one-electron energy relative to the Fermi level. By doing the
band structure calculation, I got the values of ξk as full numerical data. [46]
In my previous paper, [35] I have carried out the sophisticated numerical calculations in which
two types of CP tunneling currents such as coherent and incoherent ones have been correctly
calculated within the framework of the dx2−y2 symmetry superconducting gap, and found
that the resultant I-V characteristics very well coincide with the result calculated in a usual
way such as iCP(τ) = sin ϕ(τ). [35] This finding is come from the fact that Shapiro steps are
observed on the quasiparticle (QP) branch of the I-V characteristics so that the Shapiro steps
are not so sensitive to the CP tunneling mechanism. [35] In the present paper, therefore, we
evaluate i(ℓ)CP(ν, τ) as sin ϕℓ(ν, τ), in order to save the CPU times on the numerical calculations.
3. Calculation
We consider here the BSCCO high-Tc superconductors. The typical values of electrode
thickness w, barrier thickness d and London penetration depth λL are 3, 12 and 1700Å,
163hapiro Steps i  BSCCO Intrinsic Josephson Junctions
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respectively [21], and that of the Debye screening length λe is 1Å. [29] Therefore, the
effective electric and magnetic thickness d′c and d′L defined by Eq.(5) are calculated as 14.0
and 1.93 × 106Å , and the coupling constants Σc and ΣL defined by Eq.(4) are calculated as
−7.13× 10−3 and −0.499996, respectively. Therefore, we can see that the plasma frequencies
ratio γp calculated as
√
d′c/d is 1.08 and the matrix Σc describing the electric interaction
between the neighboring Josephson junctions is very well approximated by the unit matrix
1. This fact means that the effect of electric field coupling, the charge coupling in other words,
could not be so crucial in BSCCO IJJs. In my previous paper, [36] I have checked this point
quantitatively, and found that the effect of charge coupling is not crucial in the BSCCO IJJs.
In the present calculations, therefore, γp is set to 1 and Σc is set to 1. This reduction largely
saves the CPU times, since the term ∑Nℓ′=1 {Σc}ℓ,ℓ′ χℓ′ (dF)i
(ℓ′)
CP (ν, τ) in Eq.(16) is simply given
by χℓ(dF)i
(ℓ)
CP(ν, τ) when Σc = 1.
We adopt here 1000(A/cm2) again as the value of critical current density Jc, therefore, the
Josephson penetration depth λJ and the plasma frequency fp are calculated as 3687Å and
122GHz, respectively, using ε = 7. The fp and Jc are given so that the SRshunt-product
becomes an essential value to decide the value of McCumber parameter βc(i0, Jc, SRshunt).
Recently, I have numerically studied the conditions for observing Shapiro steps in BSCCO IJJs
and found that clear and stable Shapiro steps with good responses are obtained when the IJJ
is operated under the condition such that the shunt resistance Rshunt is added and the external
ac modulation frequency fr is higher than the plasma frequency fp. [35] In the present paper,
therefore, the value of fr is set to 200GHz again because of fp = 122GHz.
The values of λJ , d′c(L), Σc(L), fr, fp and Jc are given, the effect of the normalized current
inoise(τ) due to the thermal noise is considered by using normal random numbers, and
the normalized CP tunneling current i(ℓ)CP(ν, τ) is evaluated as χℓ(dF) sin ϕℓ(ν, τ), therefore,
SRshunt-product, i0, ir, Bext, M(ℓ), χℓ(dF) and the number of junctions N become the important
variables to be considered. Here, note that the i0 is the basic variable in the I-V characteristics
that I present here. The junction cross section S(= Lx Ly) is set to 25µm2 again and 1, 2,
3, 4 and 5Ω are selected as the values of shunt resistance Rshunt per a junction, i.e., the
SRshunt-products are set to 25, 50 75, 100 and 125µm2Ω/junction. We write here the external
magnetic induction Bext as αB0(Lx, d). Here the B0(Lx, d) is the magnetic induction needed to
insert a flux quantum Φ0 into a SIS-Josephson junction and is given by Φ0/Lxd as a function
of Lx and d. For example, the B0(Lx, d) is calculated as 0.345T for Lx = 5µm and d = 12Å.
In the present paper, the value of barrier thickness d is fixed to 12Å, so that the B0(Lx, d) is
simply written as B0(Lx).
In my previous paper, [36] I have studied the effect of N on the I-V characteristics very
carefully. The calculated results have told us that (I) a stacking system consisting of 5 or
6-identical SIS Josephson junctions is enough to see the I-V characteristics of BSCCO IJJs with
odd or even number of junctions, and (II) if the stacked system consists of 5 junctions, then a
flux quantum enters an insulating layer of the 3@5 central junction, but if the system consists
of 6 junctions, then two flux quanta must enter the insulating layers in such a way that one
flux quantum enters the insulating layer of 3@6 junction and the other the 4@6 one, because
of its symmetry. In the present paper, the number N of junction is fixed to 5. Therefore, if the
case in which there is no ferromagnetic (F)-layer is considered, then the symmetry says that
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the 1@5 and 5@5 junctions, which are surface junctions, show the same characteristics and the
2@5 and 4@5 ones (intermediate junctions) also show the same nature.
In the following, previous results calculated for no F-layers, i.e., M(ℓ) = 0 for all the IJJs, are
first presented, and next the results for M(ℓ) = 0 are given. Here note that in the present
calculations, an ℓ-th insulating (I) layer in BSCCO IJJs is replaced by a F-layer which makes a
magnetization with the value of M(ℓ).
4. Results and discussion
4.1 Effect of Lx
It is important to check the effect of junction length Lx along the x-axis into the I-V
characteristics. In my previous paper, [36] I have calculated the I-V characteristics for three
shapes (Lx, Ly) = (2.5, 10), (5, 5) and (10, 2.5) in µm with the same junction cross section
S(= Lx Ly) = 25µm2. The calculated results have told us that the overall profiles of the
I-V characteristics calculated for the same external magnetic induction are fairly similar each
other. This finding is reasonable since all the junction lengths Lx considered here satisfy
the condition of Lx > λJ(= 0.3687µm), that is, all the junctions adopted in the calculations
belong to the category of so-called "large junction". In the following, therefore, only the square
junction (Lx = Ly = 5µm) is considered for simplicity.
4.2 Effect of SRshunt-product
The SRshunt-product is an important parameter to understand the nature of Shapiro step.
In my previous papers, [35, 36] I extensively studied the effect of the SRshunt-product to the
I-V characteristics. In the present paper, therefore, only the conclusions obtained are briefly
presented.
First, from the calculations for a single junction, I have found that (I) the value of
shunt resistance Rshunt added externally should be small such as 1Ω/junction, i.e.,
SRshunt/junction= 25µm2Ω, if we wish to make a Shapiro step device which is hard for
the external magnetic disturbance, and (II) in the case of the large Rshunt-value such as
5Ω/junction, not only the 1st-order Shapiro steps but also the Fiske steps [47, 48] are found,
especially, in the case of the low magnetic field. Next, from the calculations for multi junctions
such that N = 5, 6 and Rshunt/junction= 1, 2, 3, 4 and 5Ω, I have found that (III) the 1st-order
Shapiro steps are found when Rshunt/junction≤ 3Ω, but no detectable Shapiro steps are
found when Rshunt/junction= 4 and 5Ω, and (IV) this result directly reflects the nature of
the magnetic interactions between the neighboring Josephson junctions.
From the above results, I have concluded that it is essential to add the shunt resistance with a
low-value into the BSCCO IJJs, if we wish to make a good quality Shapiro step device. In the
present study, therefore, the value of SRshunt/junction is fixed to 50µm2Ω.
4.3 Effect of ir
We consider here the effect of the normalized amplitude ir of the external ac modulation
current ir sinωrt. In order to do so, first, I have calculated the I-V characteristics with
no external magnetic field, i.e., α = 0, under the condition such that Jc = 1000A/cm2,
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fp = 122GHz, fr = 200GHz, SRshunt/junction= 50µm2Ω and N = 5. Those are drawn
as (i), (ii) and (iii) in Fig.1 for ir = 0, 1 and 2 which are denoted as (ir, α) = (0, 0), (1, 0) and
(2, 0), respectively. Next, I have calculated the I-V characteristics with finite external magnetic
fields, i.e., α = 0, under the same condition as in Fig.1. Here note again that the external
magnetic induction Bext is defined by αB0(Lx) and the B0(Lx) is 0.345T for Lx = 5µm. The
I-V characteristics calculated for (ir, α) = (0, 0.5), (0, 1), (0, 2), (1, 0.5), (1, 1), (1, 2), (2, 0.5),
(2, 1) and (2, 2) are shown in Fig.2(a), (b), (c), (d), (e), (f), (g), (h) and (i), respectively.
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Fig. 1. The I-V characteristics with no external magnetic field, i.e., α = 0, calculated for
N = 5, Jc = 1000A/cm2, fp = 122GHz, fr = 200GHz, Lx = 5µm, S(= Lx Ly) = 25µm2, and
SRshunt/junction= 50µm2Ω. The effect of charge coupling is not taken into account. (i), (ii)
and (iii) are those for ir = 0, 1 and 2, and are denoted as (ir, α) = (0, 0), (1, 0) and (2, 0),
respectively. Note that the I-V characteristics (ii) and (iii) have been shifted by 1 and 2 along
the vertical axis, and that the (ii) is basically the same as the I-V characteristics (b) in Fig.10 in
my previous paper. [35] It is also noted that no external magnetic field is applied, so that all
the SIS-junctions show exactly the same characteristics because the no charge coupling case
is considered. Namely, a relation "1@N = 2@N = ·· = N@N" is satisfied for the I-V
characteristics of respective junctions. The horizontal axis indicates the dc voltage
normalized to Φ0 fr, and the vertical one shows the normalized dc i0. Shapiro steps are
clearly found when the external ac modulation current is applied, i.e., ir = 0.
First, let us focus our attention to the results calculated for ir = 0, i.e., (ir, α) = (0, 0) in (i) in
Fig.1 and (0, 0.5), (0, 1) and (0, 2) in Fig.2(a), (b) and (c), respectively. Since ir = 0, these results
directly show the change of the I-V characteristics due to the change of the external magnetic
field. We can see that (I) the critical current decreases with the increasing the external magnetic
induction Bext, (II) this trend is remarkable in inner junctions 2@5, 3@5 and 4@5 rather than
surface junctions 1@5 and 5@5, and (III) the central junction 3@5 shows a large change due to
the change of the Bext. Flux quanta enter the insulating layers when Bext = 0. If we consider
the case when a flux quantum just enters an insulating layer in the stacked junctions consisting
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Fig. 2. The I-V characteristics of BSCCO IJJs calculated for the same condition as in Fig.1,
except for the external magnetic induction Bext. The Bext is defined by αB0(Lx) and the
B0(Lx) is 0.345T because of Lx = 5µm. The (ir, α) of (a), (b), (c), (d), (e), (f), (g), (h) and (i) are
(0, 0.5), (0, 1), (0, 2), (1, 0.5), (1, 1), (1, 2), (2, 0.5), (2, 1) and (2, 2), respectively. The reduced
voltage < V >reduce defined by Eq.(24) is also shown. Shapiro steps are found when ir = 0,
but not so clear when α = 2.
of the odd number of junctions, then it is sure that its flux quantum must enter the insulating
layer of central SIS Josephson junction such as 3@5 junction because of the symmetry of the
odd number of junctions. This is reasonable to the finding (III). Actually, in the case of Fig.2(a),
we can see that only the 3@5 central junction just shows the voltage due to the flux flow when
i0 is about 0.6.
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As can be seen in Fig.1, the height of Shapiro steps increases with the increasing the ir. By
comparing the calculated results for ir = 0 shown in Fig.2(d), (e), (f), (g), (h) and (i) with those
for ir = 0 shown in Fig.2(a), (b) and (c), we can say that the I-V characteristics calculated for
(ir, α) = (1, 0.5), (1, 1), (1, 2), (2, 0.5), (2, 1) and (2, 2) could be regarded as those for (ir, α) =
(0, 0.5), (0, 1) and (0, 2) added Shapiro steps which have been calculated by taking into account
the effect of the external magnetic field. The I-V characteristics for ir = 0 shown in Fig.2(a),
(b) and (c) directly reflect the nature of flux flow, and the Shapiro steps shown in Fig.2(d),
(e), (f), (g), (h) and (i) are originated from the coupling between the ac Josephson effect and
the external ac modulation current with ir = 0. Therefore, the calculated results shown in
Fig.2 seem to show that the Shapiro step and flux flow could be treated separately under the
presence of the external magnetic field.
4.4 Effect of Bext
We shall consider here the effect of the external magnetic field Bext on the reduced voltage
< V >reduce defined by Eq.(24) which is directly connected with the experimental I-V
characteristics. By setting the calculation condition to such that Jc = 1000A/cm2, fp =
122GHz, fr = 200GHz, Rshunt/junction= 2Ω, SRshunt/junction= 50µm2Ω, ir = 1 and
Lx = 5µm, i.e., B0(Lx) = 0.345T, I have calculated the I-V characteristics as a function of α,
which defines the external magnetic induction Bext as αB0(Lx), and the number N of stacked
junctions. The values from 0 to 2 with 0.1-step have been selected as the α and two values 1 and
5 have been adopted as the N. The normalized height ∆i1(α, N) of the 1st-order Shapiro step
and the normalized critical current ic(α, N) evaluated from the reduced voltage < V >reduce
are plotted in Fig.3 as a function of α.
Figure 3 shows that (I) for almost all the α-values, the values of ∆i1(α, 1) drawn by open circles
are somewhat larger than those of ∆i1(α, 5) by solid circles, but its difference is not so large,
i.e., the α-dependence of ∆i1(α, N) seems to be very similar even if the value of N differs each
other such as N = 1 and 5. For the ic(α, N), we can see that (II) the α-dependence of the
ic(α, 1) drawn by open squares largely differs from that of the ic(α, 5) by solid squares. In the
BSCCO IJJs with a stacking structure, there are considerable magnetic interactions between
neighboring Josephson junctions when α = 0. Therefore, the finding (II) clearly tells us that
(III) the normalized critical current is strongly affected by the magnetic interaction between
neighboring Josephson junctions.
4.5 Effect of ferromagnetic layer
As the case in which some insulating(I) layers in BSCCO-IJJs are replaced by ferromagnetic(F)
ones, there are many cases. In this section, for the simplicity we consider the case such
that only the ℓ-th I-layer in the BSCCO-IJJs is replaced by a F-layer whose value of the
magnetization is M(Bext) as a function of the external magnetic field Bext. The magnetization
curve M(Bext) is characterized by three points; one is the saturation magnetization Msat( = 0)
in which dM/dBext = 0, two is the residual magnetization Mres( = 0) in which Bext = 0, and
three is the coercive force in which the magnetization is zero for the non-zero external field,
i.e., M(Bext = Bcoe = 0) = 0. We consider here the non-zero magnetization case so that the
case of coercive force is not considered here. The Msat is obtained when a magnetic field BL
which is large enough to satisfy the condition of dM/dBext = 0 is applied to the F-layer, i.e.,
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Fig. 3. Normalized height ∆i1(α, N) of the 1st-order Shapiro step and the normalized critical
current ic(α, N) as a function of α and N. In this figure, the values of α have been selected
from 0 to 2 with 0.1-step, and two values 1 and 5 have been adopted as the number N of
junctions. The calculation condition is that Jc = 1000A/cm2, fp = 122GHz, fr = 200GHz,
Lx = 5µm, Rshunt/junction= 2Ω, and ir = 1. As already stated, the external magnetic
induction Bext is defined by αB0(Lx) and the B0(Lx) is 0.345T because of Lx = 5µm. The
∆i1(α, 1) and ∆i1(α, 5) are indicated by open and solid circles, respectively, and the ic(α, 1)
and ic(α, 5) are drawn by open and solid squares, respectively. In the present paper, the effect
of thermal noise has been always taken into account in all the calculations, so it must be
stated that both the values of ic(0, 1) and ic(0, 5) are somewhat smaller than 1. The effect of
charge coupling is not taken into account.
Msat = M(Bext ≥ BL), but the strength of the BL strongly depends on the magnetic property
of the F-layer. On the contrary to the case of Msat, the Mres is obtained when Bext = 0, i.e.,
Mres = M(0), so it is expected that it could be much easier to control the sample condition as
compared with the case of Msat.
The sizable effect for the magnetic field is mainly found in the 3@5 central junction as can
be seen from Fig.2 for N = 5. In the following, therefore, first we focus our attention to
the case such that the I-layer in the 3@5 central SIS-Josephson junction is replaced by the
F-layer, hereafter we call it as "central case", and next the cases for 1@5 and 2@5 junctions are
considered, called as "surface and intermediate cases". Equation (15) tells us that the effective
magnetic induction B(j)e f f at the edge of the j-th IJJ is given by
B
(j)
e f f = Bext + M(Bext)δj,ℓ . (29)
The external magnetic induction Bext is written as αB0(Lx) using a constant magnetic
induction B0(Lx) so that we write the magnetization M(Bext) as m(α)B0(Lx) using a
dimensionless parameter m(α) as a function of α. The ℓ in Eq.(29) is 3, 1 and 2 for the
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central, surface and intermediate cases, respectively. Therefore, the configuration Γ for
the dimensionless effective magnetic induction defined by B(j)e f f /B0(Lx) can be written as
(α, α, α+ m(α), α, α), (α+ m(α), α, α, α, α) and (α, α+ m(α), α, α, α) for the central, surface and
intermediate cases, respectively.
4.5.1 Case of χℓ(dF) = 1 for the ℓ-th SFS junction
First, we consider the case of the residual magnetization Mres, i.e., α = 0. The configurations Γ
for the central, surface and intermediate cases are therefore (0, 0, m(0), 0, 0), (m(0), 0, 0, 0, 0)
and (0, m(0), 0, 0, 0), respectively. By adopting the condition such that N = 5, Jc =
1000A/cm2, fp = 122GHz, fr = 200GHz, Rshunt/junction= 2Ω, SRshunt/junction= 50µm2Ω,
ir = 1 and Lx = 5µm, i.e., B0(Lx) = 0.345T, I have calculated the I-V characteristics for
m(0) ≡ mres = 0.1, 0.2, 0.5, 1 and 2. The I-V characteristics of the central case calculated
for mres = 0, 0.1, 0.2, 0.5, 1 and 2 are shown in Fig.4(a), (b), (c), (d), (e) and (f), respectively.
Here note that only the I-V characteristics of 1@5 surface, 2@5 intermediate and 3@5 central
junctions are shown from a symmetry consideration. Figure 4 shows that (I) Shapiro steps are
clearly found except for the 3@5 central junction when mres = 2, and due to the increasing
the mres, i.e., the residual magnetization Mres (≡ mresB0(Lx)), (II) the I-V characteristics of
3@5 central junction are gradually changed, but (III) those of other junctions including no
F-layer almost remain the same, that is, no remarkable change is found for the junctions
without the F-layer. These findings are interesting. We are now solving a matrix equation
(13) with Σc = 1. The matrix ΣL describing the magnetic interactions between neighboring
junctions is given by Eq.(3) so that the inverse matrix ΣL−1 is not a diagonal but a general
form in which all the matrix elements are not equal to zero. Therefore, except for the case of
Γ = (0, 0, 0, 0, 0), it seems to be reasonable to suppose that the effect of ferromagnetic layer
should be observed on not only the 3@5 central junction but also the others. The calculated
results are far from such a conjecture. The results calculated for the surface and intermediate
cases, namely, Γ = (mres, 0, 0, 0, 0) and (0, mres, 0, 0, 0), are shown in Figs.5 and 6, respectively.
From these figures, we can see a similar result as in Fig.4 such that (I) Shapiro steps are clearly
found except for the junction including F-layer when mres = 2, (II) the I-V characteristics of
the junction including F-layer are gradually changed due to the increasing the mres, but (III)
no remarkable change is found for others.
From the above, we can conclude that if the case such that an I-layer in the BSCCO-IJJs is
replaced by a F-layer is considered, then the effect of the F-layer to the I-V characteristics is
restricted when Bext = 0, namely, no remarkable change is found for the junctions without the
F-layer.
Finally, let us consider the case of Bext = 0, i.e., α = 0. The configurations Γ to be considered
are (α, α, α+ m(α), α, α), (α+ m(α), α, α, α, α) and (α, α+ m(α), α, α, α) for the central, surface
and intermediate cases. As an example, in the following the α is set to 1 tentatively, and 0.1,
0.2, 0.5 and 1 are selected as the value of m(1).
The I-V characteristics calculated for the central cases (1, 1, 1 + m(1), 1, 1) with m(1) = 0,
0.1, 0.2, 0.5 and 1 are shown in Fig.7(a), (b), (c), (d) and (e), respectively, together with those
for Γ = (2, 2, 2, 2, 2) shown in (f). Figure 7 shows that (I) Shapiro steps are clearly found
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Fig. 4. The I-V characteristics of BSCCO IJJs calculated for N = 5, Jc = 1000A/cm2,
fp = 122GHz, fr = 200GHz, Rshunt/junction= 2Ω, SRshunt/junction= 50µm2Ω, ir = 1,
Lx = 5µm, i.e., B0(Lx) = 0.345T and χℓ(dF) = 1 for all junctions. The case such that there is
no external magnetic field, i.e., Bext = 0, and the I-layer in the 3@5 central SIS-Josephson
junction is replaced by a F-layer is considered, so that the configuration Γ for the
dimensionless effective magnetic induction defined by B(j)e f f /B0(Lx) is (0, 0, mres, 0, 0). (a), (b),
(c), (d), (e) and (f) are for mres = 0, 0.1, 0.2, 0.5, 1 and 2, respectively. From the symmetry, only
the I-V characteristics of 1@5 surface, 2@5 intermediate and 3@5 central junctions are shown.
The horizontal axis indicates the dc voltage normalized to Φ0 fr, and the vertical one shows
the normalized dc i0. Shapiro steps are clearly found except for the 3@5 central junction
when mres = 2 shown in (f).
in not only the junctions without F-layer but also the junction including F-layer, (II) the I-V
characteristics of the 3@5 central junction including F-layer are surely changed due to the
increasing the value of m(1), but (III) those of other junctions without F-layer almost remain
the same for the change of m(1). Findings (II) and (III) mentioned now are fairly similar to
those for the case of no external magnetic field, however, we wish to say that Shapiro step is
found even in the 3@5 junction shown in (e) whose the Γ is (1, 1, 2, 1, 1), in spite of the fact that
clear Shapiro step cannot be found in (f) whose the Γ is (2, 2, 2, 2, 2).
The I-V characteristics calculated for the surface case (1 + m(1), 1, 1, 1, 1) are shown in Fig.8
and those for the intermediate one (1, 1 + m(1), 1, 1, 1) are in Fig.9, where (a), (b) and (c) are
for m(1) = 0.2, 0.5 and 1, respectively. Figure 8 shows that (I) Shapiro steps are clearly found
in all the junctions even in the case of m(1) = 1, and (II) the I-V characteristics of 1@5 surface
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Fig. 5. The I-V characteristics of BSCCO IJJs calculated for N = 5, Jc = 1000A/cm2,
fp = 122GHz, fr = 200GHz, Rshunt/junction= 2Ω, SRshunt/junction= 50µm2Ω, ir = 1,
Lx = 5µm, i.e., B0(Lx) = 0.345T, Bext = 0 and χℓ(dF) = 1 for all junctions. The I-layer in 1@5
surface SIS junction is replaced by a F-layer so that the corresponding configuration Γ is
(mres, 0, 0, 0, 0). Therefore, the I-V characteristics of all junctions are shown together with the
reduced voltage < V >reduce. (a), (b) and (c) are for mres = 0.5, 1 and 2, respectively. The
horizontal axis indicates the dc voltage normalized to Φ0 fr, and the vertical one shows the
normalized dc i0. Shapiro steps are clearly found except for the 1@5 surface junction when
mres = 2 shown in (c).
junction including F-layer are gradually changed due to the increasing the value of m(1).
These findings are basically the same as the finding obtained in the central case. For the 2@5,
3@5, 4@5 and 5@5 junctions without F-layer, we can see that (III) the I-V characteristics of 2@5
and 3@5 junctions, which are close to the 1@5 junction including the F-layer, are fairly changed
due to the increasing the m(1), but (IV) those of 4@5 and 5@5 junctions, which are far from the
1@5 junction, almost remain the same as well as the central case. Finding (III) clearly tells us
that the magnetic interaction between neighboring junctions is not negligible in BSCCO IJJs
when Bext = 0. From Fig.9, we can see a similar result as in the surface case, excepting 1@5
and 5@5 surface junctions in which the I-V characteristics are almost the same for the change
of the value of m(1).
4.5.2 Case of χℓ(dF) < 1 for the ℓ-th SFS junction
First, we consider the case of no external magnetic field, i.e., α = 0. The calculation condition
is the same as above, that is, N = 5, Jc = 1000A/cm2, fp = 122GHz, fr = 200GHz,
Rshunt/junction= 2Ω, SRshunt/junction= 50µm2Ω, ir = 1 and Lx = 5µm, i.e., B0(Lx) =
0.345T. There are three cases as the configurations that we should study, but in the following,
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Fig. 6. The same as in Fig.5 but for Γ = (0, mres, 0, 0, 0), that is, the I-layer in 2@5 intermediate
SIS junction is replaced by a F-layer. Shapiro steps are clearly found except for the 2@5
intermediate junction when mres = 2 shown in (c).
we consider only the central case with m(0) = 0.5. Namely, only an I-layer in the central SIS
Josephson junction is replaced by a F-layer, therefore, the corresponding configuration Γ is
(0, 0, 0.5, 0, 0). The aim of the present section is to see the effect of χℓ(dF) defined in Eq.(16) to
the I-V characteristics.
The central case for N = 5 is considered so that the value of ℓ is 3. By using 0, 0.2, 0.4, 0.6
and 0.8 as a value of χ3(dF), I have calculated the I-V characteristics. The I-V characteristics
calculated for χ3(dF) = 1.0, 0.8, 0.6, 0.4, 0.2 and 0.0 are shown in Fig.10(a), (b), (c), (d), (e) and
(f), respectively. Here note that from a symmetry consideration, only the I-V characteristics of
1@5-surface, 2@5-intermediate and 3@5-central junctions are shown in the respective figure.
Figure 10 shows that (I) as is expected, the I-V characteristic of 3@5-central junction including
F-layer surely changes due to the change of the value of χ3(dF), especially, the height of the
Shapiro step decreases with the decreasing the χ3(dF) and reaches to zero when χ3(dF) = 0,
however, (II) those of 1@5-surface and 2@5-intermediate junctions without the F-layer fairly
well remain the same for the changing the χ3(dF), and (III) clear Shapiro steps are found
in 1@5-surface and 2@5-intermediate junctions irrespective of the value of χ3(dF). Equation
(16) tells us that when χ3(dF) = 0, the 3@5-central junction can be regarded as a simple
non-superconducting RC-junction. This fact is clearly found in the I-V characteristic of
3@5-junction shown in (f), that is, in which a purely ohmic characterictic is found.
Next, let us consider the case of α = 0 for the same calculation condition mentioned above.
We consider again the central case with m(α) = 0.5. As an example, we set the α to 1 so
that the corresponding configuration Γ is (1, 1, 1.5, 1, 1). The I-V characteristics calculated
for χ3(dF) = 1.0, 0.8, 0.6, 0.4, 0.2 and 0.0 are shown in Fig.11(a), (b), (c), (d), (e) and (f),
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Fig. 7. The I-V characteristics of BSCCO IJJs calculated for N = 5, Jc = 1000A/cm2,
fp = 122GHz, fr = 200GHz, Rshunt/junction= 2Ω, SRshunt/junction= 50µm2Ω, ir = 1,
Lx = 5µm, i.e., B0(Lx) = 0.345T and χℓ(dF) = 1 for all junctions. The external magnetic
induction Bext is equal to B0(Lx) because of α = 1. The I-layer in the 3@5 central
SIS-Josephson junction is replaced by a F-layer so that the corresponding configuration Γ is
(1, 1, 1 + m(1), 1, 1). (a), (b), (c), (d) and (e) are for m(1) = 0, 0.1, 0.2, 0.5 and 1, respectively.
For the comparison, the I-V characteristics calculated for Γ = (2, 2, 2, 2, 2) are also shown in
(f). From the symmetry, only the I-V characteristics of 1@5 surface, 2@5 intermediate and
3@5 central junctions are shown. The horizontal axis indicates the dc voltage normalized to
Φ0 fr, and the vertical one shows the normalized dc i0. (a) and (f) are equal to Fig.2(e) and (f),
respectively. Shapiro steps are clearly found in all the I-V characteristics drawn in (a) to (e).
respectively. Figure 11 leads us a same conclusion mentioned above such that due to the
decreasing the value of χ3(dF), (I) the I-V characteristic of 3@5 junction including the F-layer
gradually changes, but those of 1@5 and 2@5 junctions without the F-layer well remain the
same, and (II) Shapiro steps are clearly found in 1@5 and 2@5 junctions, but the height of the
Shapiro step found in 3@5 junction decreases and reaches to zero when χ3(dF) = 0.
From the above, we can say that the effect of χ3(dF) defined in the 3@5-central junction to the
other junctions is negligible small irrespective of the value of the external magnetic field Hext.
This finding tells us that even if the BSCCO junction array with a multi-stacking structure
is considered, the influence of the F-layer is restricted within a SFS-junction itself, i.e., that is
negligible for others.
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Fig. 8. The same as in Fig.7 but for the surface case, i.e., Γ = (1 + m(1), 1, 1, 1, 1). The I-layer
in 1@5 surface SIS junction is replaced by a F-layer so that the I-V characteristics of all
junctions are shown together with the reduced voltage < V >reduce. (a), (b) and (c) are for
m(1) = 0.2, 0.5 and 1, respectively. The horizontal axis indicates the dc voltage normalized to
Φ0 fr, and the vertical one shows the normalized dc i0. Shapiro steps are clearly found in all
the I-V characteristics.
5. Summary
Shapiro steps in BSCCO IJJs have been studied full numerically. In the study, the I-V
characteristics of not only the case of no external magnetic field but also the case in which
an external magnetic field is applied parallel to the junction surface have been calculated by
using the MS-unified theory including both the electric and magnetic field couplings between
neighboring Josephson junctions.
For the effect of the junction length Lx along the x-axis, we have found that the overall profiles
of the I-V characteristics including Shapiro steps calculated for the same external magnetic
induction are fairly similar each other even if the junction length Lx differs each other.
For the effect of SRshunt-product, we have found that it is essential to add the shunt resistance
with a low-value into the BSCCO IJJs, if we wish to make a good quality Shapiro step device
which is hard for the external magnetic disturbance. In the present study, therefore, the value
of SRshunt-product has been fixed to 50µm2Ω/junction.
In order to see the effect of ir to the I-V characteristics including Shapiro steps, I have
calculated the I-V characteristics of nine cases such that (ir, α) = (0, 0.5), (0, 1), (0, 2), (1, 0.5),
(1, 1), (1, 2), (2, 0.5), (2, 1) and (2, 2). Here note that the ir is the normalized amplitude of the
external ac modulation current with the frequency ωr and the α defines the external magnetic
induction Bext as αB0(Lx) using a constant magnetic induction B0(Lx). We have found that the
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Fig. 9. The same as in Fig.7 but for the intermediate case, i.e., Γ = (1, 1 + m(1), 1, 1, 1). The
I-layer in 2@5 intermediate SIS junction is replaced by a F-layer so that the I-V characteristics
of all junctions are shown together with the reduced voltage < V >reduce. (a), (b) and (c) are
for m(1) = 0.2, 0.5 and 1, respectively. The horizontal axis indicates the dc voltage
normalized to Φ0 fr, and the vertical one shows the normalized dc i0. Shapiro steps are
clearly found in all the I-V characteristics.
Shapiro step and the flux flow could be treated separately under the presence of the external
magnetic field.
From the I-V characteristics as a function of α, we have found that (I) the α-dependence of the
normalized height ∆i1(α, N) of the 1st-order Shapiro step is very similar even if the N differs
each other, however, (II) the α-dependence of the normalized critical current ic(α, N) largely
differs for N = 1 and 5, that is, the α-dependence of the ic(α, N) is strongly affected by the
magnetic interaction between neighboring Josephson junctions.
Within the framework of the MS-unified theory, I have studied the effect of ferromagnetic(F)
layers into the I-V characteristics of BSCCO IJJs. In the present paper, we have studied
the simplest case such that only the ℓ-th insulating(I)-layer in the BSCCO-IJJs is replaced
by a F-layer whose the value of the magnetization is M(Bext) as a function of the external
magnetic induction Bext. The effect of the magnetic field is taken into account via the boundary
condition at the junction edge, so that the effective magnetic induction B(j)e f f at the edge of the
j-th IJJ is given by Bext + M(Bext)δj,ℓ. We have found that when Bext = 0, (I) Shapiro steps
are clearly found except for the junction including F-layer with a large residual magnetization
Mres ≡ mresB0(Lx) such as mres = 2, (II) the I-V characteristics of the junction including
F-layer are gradually changed due to the increasing the value of mres, but (III) no remarkable
change is found for the other junctions without F-layer. For Bext = 0, i.e., α = 0, in which
the magnetization M(Bext) is written as m(α)B0(Lx), we have found that (IV) even in the
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Fig. 10. The I-V characteristics of BSCCO IJJs calculated for N = 5, Jc = 1000A/cm2,
fp = 122GHz, fr = 200GHz, Rshunt/junction= 2Ω, SRshunt/junction= 50µm2Ω, ir = 1,
Lx = 5µm, i.e., B0(Lx) = 0.345T. In this figure, the central case has been considered and the
configuration Γ has been tentatively selected as (0, 0, 0.5, 0, 0). For the χℓ(dF) defined in
Eq.(16), only the value for ℓ = 3 has been corrected, i.e., that of others has been held to 1. The
value of χ3(dF) is 1.0, 0.8, 0.6, 0.4, 0.2 and 0.0 for (a), (b), (c), (d), (e) and (f), respectively. From
the symmetry, only the I-V characteristics of 1@5 surface, 2@5 intermediate and 3@5 central
junctions are shown. The horizontal axis indicates the dc voltage normalized to Φ0 fr, and the
vertical one shows the normalized dc i0. Note that (a) is equal to Fig.4(d).
case of α = 0, the findings (II) and (III) mentioned above are basically held again, but for
the finging (I) we have found that (V) clear Shapiro steps are found in not only the junction
without F-layer but also the junction including F-layer. In addition to the above calculations,
I have further calculated the I-V characteristics for the surface and intermediate cases when
α = 1, whose the configurations are (1 + m(1), 1, 1, 1, 1) and (1, 1 + m(1), 1, 1, 1), respectively.
We have concluded that even in the case in which a junction in BSCCO IJJs includes a F-layer
with a finite magnetization, (I) the effect of the magnetic interaction between neighboring
junctions is not so clearly found when Bext = 0, but (II) when Bext = 0, that is found clearly.
Conclusion (II) obtained here is the same as a previous statement such that in the BSCCO IJJs
with a stacking structure, there are considerable magnetic interactions between neighboring
Josephson junctions when α = 0. [36]
In order to see the effect of the F-layer in the SFS-junction to the I-V characteristics of BSCCO
IJJs with a stacking structure, I have calculated the I-V characteristics as a function of χℓ(dF)
defined in Eq.(16). From the results calculated for the no external magnetic field and the
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Fig. 11. The same as in Fig.10 but for the case of Γ = (1, 1, 1.5, 1, 1). Note that (a) is equal to
Fig.7(d).
nonzero field such as α = 0 and 1, we have found that the effect of χ3(dF) defined in the
3@5-central junction to the other junctions is negligible small irrespective of the value of
the external magnetic field Hext, namely, the influence of the F-layer is restricted within a
SFS-junction itself, i.e., that is negligible for others.
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